Introduction {#Sec1}
============

Many applications of the split feasibility problem (SFP), which was first introduced by Censor and Elfving \[[@CR1]\], have appeared in various fields of science and technology, such as in signal processing, medical image reconstruction and intensity-modulated radiation therapy (for more information, see \[[@CR2], [@CR3]\] and the references therein). In fact, Censor and Elfving \[[@CR1]\] studied SFP in a finite-dimensional space, by considering the problem of finding a point $$\documentclass[12pt]{minimal}
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                \begin{document}$n\times n$\end{document}$ matrix. They introduced an iterative method for solving SFP.

On the other hand, variational inclusion problems are being used as mathematical programming models to study a large number of optimization problems arising in finance, economics, network, transportation and engineering science. The formal form of a variational inclusion problem is the problem of finding $\documentclass[12pt]{minimal}
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                \begin{document}$B:H \to 2^{H}$\end{document}$ is a set-valued operator. If *B* is a maximal monotone operator, the elements in the solution set of problem ([1.2](#Equ2){ref-type=""}) are called the zeros of this maximal monotone operator. This problem was introduced by Martinet \[[@CR4]\], and later it has been studied by many authors. It is well known that the popular iteration method that was used for solving problem ([1.2](#Equ2){ref-type=""}) is the following proximal point algorithm: for a given $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in H$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x_{n+1}=J^{B}_{\lambda_{n}}x_{n}, \quad \forall n \in \Bbb {N}, $$\end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\lambda_{n}\}\subset (0,\infty)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$J^{B}_{\lambda_{n}}=(I+ \lambda_{n}B)^{-1}$\end{document}$ is the resolvent of the considered maximal monotone operator *B* corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda_{n}$\end{document}$ (see, also \[[@CR5]--[@CR9]\] for more details).

In view of SFP and the fixed point problem, very recently, Montira et al. \[[@CR10]\] considered the problem of finding a point $\documentclass[12pt]{minimal}
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They considered the following iterative algorithm: for any $\documentclass[12pt]{minimal}
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Motivated by the work of Montira et al. \[[@CR10]\] and the research in this direction, the purpose of this paper is to study the following split feasibility problem and fixed point problem: find $\documentclass[12pt]{minimal}
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                \begin{document}$S : H_{1} \to H_{1}$\end{document}$ is a nonexpansive mapping. By using a modified forward--backward splitting method, we propose a viscosity iterative algorithm (see ([3.4](#Equ10){ref-type=""}) below). Under suitable conditions, some strong convergence theorems of the sequence generated by the algorithm to a zero of the sum of two monotone operators and fixed point of mappings are proved. At the end of the paper, some applications and the constructed algorithm are also discussed. The results presented in the paper extend and improve the main results of Montira et al. \[[@CR10]\], Byrne et al. \[[@CR11]\], Takahashi et al. \[[@CR12]\] and Passty \[[@CR13]\].

Preliminaries {#Sec2}
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We say that *T* is firmly nonexpansive if $$\documentclass[12pt]{minimal}
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We now collect some important conclusions and properties, which will be needed in proving our main results.

Lemma 2.1 {#FPar1}
---------

(\[[@CR15], [@CR16]\])
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A monotone mapping *B* is said to be maximal if its graph is not properly contained in the graph of any other monotone operator. For a maximal monotone operator $\documentclass[12pt]{minimal}
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Main results {#Sec3}
============

We are now in a position to give the main result of this paper.
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Applications {#Sec4}
============

In this section, we will utilize the results presented in the paper to study variational inequality problems, convex minimization problem and split common fixed point problem in Hilbert spaces.

Application to variational inequality problem {#Sec5}
---------------------------------------------
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Application to convex minimization problem {#Sec6}
------------------------------------------
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### Theorem 4.2 {#FPar16}

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{1}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{2}$\end{document}$ *be Hilbert spaces and let* *C* *be a nonempty closed convex subset of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$H_{1}$\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$g: H_{1} \to \Bbb {R}$\end{document}$ *be a convex and Fréchet differentiable function*, ∇*g* *be* *β*-*Lipschitz*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$T:H_{2}\to H_{2}$\end{document}$ *be a nonexpansive mapping*, *and let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L : H_{1}\to H_{2}$\end{document}$ *be a bounded linear operator*. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S: H_{1}\to H_{1}$\end{document}$ *be a nonexpansive mapping such that* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$F(S)\cap \Omega^{g,C}_{L,T}\neq \emptyset $\end{document}$. *Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f: H_{1}\to H_{1}$\end{document}$ *be a contraction mapping with a contractive constant* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha \in (0,1)$\end{document}$. *For any given* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{0}\in H_{1}$\end{document}$, *let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{u_{n}\}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{x_{n}\}$\end{document}$ *be the sequences generated by* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \textstyle\begin{cases} u_{n}= P_{C} ((I-\lambda_{n} \nabla g)-\gamma_{n}L^{*}(I-T)L )x_{n}, \\ x _{n+1}=\alpha_{n}f(x_{n})+(1- \alpha_{n})Su_{n}, \end{cases}\displaystyle \forall n \ge 0. $$\end{document}$$ *If the sequences* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\alpha_{n}\}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\lambda_{n}\}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{\gamma _{n}\}$\end{document}$ *satisfy all the conditions in Theorem *[3.2](#FPar11){ref-type="sec"}, *then the sequences* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{u_{n}\}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{x_{n}\}$\end{document}$ *both converge strongly to* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$z\in F(S) \cap \Omega^{g,C}_{L,T}$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$z=P_{F(S)\cap \Omega^{g,C}_{L,T}}f(z)$\end{document}$, *which is a solution of problem* ([4.5](#Equ35){ref-type=""}).

### Proof {#FPar17}
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Application to split common fixed point problem {#Sec7}
-----------------------------------------------
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This problem is called the split common fixed point problem (SCFP), and was studied by many authors (see \[[@CR25]--[@CR28]\], for example). By using Theorem [3.2](#FPar11){ref-type="sec"}, we can obtain the following result.
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